Abstract. The rigorous expression for the transmission of a thin absorbing film on a transparent substrate is manipulated to yield formulae in closed form for the refractive index and absorption coefficient. A procedure is presented to calculate the thickness to an accuracy of better than 190 with similar accuracies in the values of ti. A method to correct for errors due to slit width is also given. Various formulae to calculate the absorption coefficient accurately over almost three orders of magnitude are discussed. Only data from the transmission spectrum are used and the procedure is simple, fast and very accurate. All formulae are in closed form and can be used on a programmable pocket calculator.
Introduction
Amorphous silicon or hydrogenated a-Si:H is an important material for photovoltaic devices. These devices consist of films with thicknesses of about 1 ,um and it is important to know the refractive index and absorption coefficient as function of wavelength to predict the photoelectric behaviour of a device. Knowledge of these optical constants is also necessary to determine the optical gap or to verify theoretical models of a-Si:H (Clark 1980) .
The thickness of films can be determined using a surfaceprofiling stylus or by various interferometric methods (Bennet and Bennet 1967) . A method is proposed in this paper to determine the thickness from the interference fringes of the transmission spectrum to an accuracy of better than 106 provided the films are of good quality.
The refractive index and absorption coefficient are usually determined by elaborate computer iteration procedures (Lyashenko et a1 1964, Wales et a1 1967, Szczyrbowski et a1 1977) using both the transmission and reflection spectra. A simple straightforward process has also been devised (Manifacier et a1 1976) for calculating n and x but it will be pointed out in this paper that this process contains some mistakes. Methods are proposed in this paper to determine n(1) and a(L) by simple straightforward calculations using the transmission spectrum alone. The accuracy is also of the order of 1043 which is even better than the accuracy of the elaborate iteration methods.
In the discussion only the spectrum in the optical region is considered. All formulae are, of course, also valid in the nearinfrared region and for films with small optical gaps it may be essential to do measurements in this region.
Theory
The practical situation for a thin film on a transparent substrate is shown in figure 1 . The film has thickness d and complex refractive index n = n -ik. where n is the refractive index and k the extinction coefficient which can be expressed in terms of the absorption coefficient a using equation (27) . The transparent I: Figure 1 . System of an absorbing thin film on a thick finite transparent substrate.
substrate has a thickness several orders of magnitude larger than a ' and has index of refraction s and absorption coefficient a, = 0. The index of the surrounding air is no = 1. Rigorous analysis has to take into account all the multiple reflections at the three interfaces when calculating T.
If the thickness d is not uniform or is slightly tapered. all interference effects are destroyed and the transmission is a smooth curve as shown by the dotted curve T , in figure 2. The spectrum can roughly be divided into four regions. In the transparent region CL = 0 and the transmission is determined by n and s through multiple reflections. In the region of weak absorption a is small but starts to reduce the transmission. In the region of medium absorption a is large and the transmission decreases mainly due to the effect of a. In the region of strong absorption the transmission decreases drastically due almost exclusively to the influence of a. The smooth transmission curve T, is often used (Freeman and Paul 1979) to determine a ( i ) in the optical and infrared region using a formula given in the appendix (A3).
If the thickness d is uniform, interference effects give rise to a spectrum shown by the full curve in figure 2. Far from being a nuisance, these fringes can be used to calculate the optical constants of the film as will be shown in this paper.
Considering the thick substrate alone in the absence of a film, the interference-free transmission is given by the well known expression where or and -(1 -R)2
The basic equation for interference fringes is 2nd = mi. where m is an integer for maxima and half integer for minima.
Equation (3) contains information on the product of n and d and there is no way of obtaining information on either n or d separately using this equation only. The transmission T for the case of figure 2 is a complex function (Keradec 1973 , Mini 1982 and is given in the appendix
If s is known it is convenient to write the above equation in terms of n ( i ) and the absorbance x(A), where x is defined in
T = T(n, x ) .
The expression (Al) becomes much simpler if we put k=O, an approximation that is indeed valid over most of the region of the spectrum in figure 2. (Al) then becomes
The extremes of the interference fringes can be written as
For further analyses T M and T , are now considered to be continltous functions of A and thus of a(?.) and x(A) (Manifacier et a1 1976) as is shown by the envelopes in figure 2 . For any ;., T,, has a corresponding value T,. In figure 2 for example TM7 has the corresponding value TA, and T,, has the corresponding value Tb8.
The transparent region
In the transparent region a = 0 or .Y= 1 in equations (6) and ( 7 ) .
Substituting equations (5) into (6) yields 2s T ---
M -S 2 + 1
Equation (8) is identical to equation (1) and the maxima of the interference fringes are a function of s only and coincide with T,.
When the maxima depart from T, it denotes the onset of absorption. Equation (8) can be used to calculate s in the transparent region using the form of equation (2).
Substituting equation ( 5 ) in equation ( 7 ) for x = 1 yields 4 n2s
T , is thus a function of both n and s: and n can be calculated from T , using equation (9).
The region of ,r*eak and medium absorption
In this region x . t O and . Y < I . Subtracting the reciprocal of equation (6) from the reciprocal of equation ( 7 ) yields an expression that is independent of x Substitution of equations (6) and (7) into (17) yields
A
Substituting equation (5) (6) and (7) are quadratic equations in x that can be solved for x and the results simplified using equation (5). Solving equation (6) gives
where
Solving equation ( 7 ) gives
Adding the reciprocals of equations (6) and (7) yields
Solving for x this gives
(n -1)3(n -s2) (14) and (4) it can be seen that T I represents a curve passing through the inflection points of the fringes as shown in figure 2 . The interference-free transmission T, can be calculated from the interference fringes by integrating equation (4) between a maximum and an adjacent minimum
Assuming a narrow integration region where all parameters are constant. the integral yields
T , is thus just the geometric mean of TM and T , and equation (1 8) is a very useful relation. Solving equation (1 7) for x gives
where Equation (1 9) is equivalent to a well known equation often used in optical and infrared studies, (A3). It can also be used to determine n from T, in the transparent region where x = O . Putting x = 1 in equation (1 9) and solving for n gives 
Manifacier et a l ( l 9 7 6 ) also derived an equation for x using the theory for an infinite substrate. Their formula is
Unlike the case with the refractive index, equation (21) is not equivalent to equations (1 2), (1 3), (1 5) and (19).
The region of strong absorption
In the region of strong absorption the interference fringes disappear. There is no way to calculate n and x independently in and statements about accuracy in the following sections refer to a typical spectrum of a-Si:H as in figure 2.
Injnite substrate approximation
Another expression for T, assuming an infinite substrate and thus ignoring the contribution of multiple reflections from the back of the substrate, has been used by many workers (Manifacier et a1 1976 , Lyashenko 1977 , Hadley 1947 . One equivalent form of this expression is given in the appendix (A2).
A plot of T calculated from equation (A2) using the film properties given in the previous section is shown by the full curve in figure 3 . (5) for the case of k=O. The only difference is in the expressions for B and D in (5b) and ( 5 4 , i.e. B=(n + l)'(n + s) ' and D = (n -l)'(n -s)'. Since the expression for n, equation
(1 l), is independent of B and D it is valid for both ( A l ) and (A2). The expressions for x do contain B and D and will thus be different for the two cases.
Determination of the refractive index
The refractive index of the substrate can be determined by measuring the transmission spectrum of the clean substrate alone and using equation (2) to calculate s. If significant dispersion is present the data can be fitted to a simple linear function to give s(d). In this work s is assumed to be constant at a value s = 1.5 1, yielding a transmission of 0.921. as shown by T , in figure 2.
For the calculation of n in the region of weak and medium absorption the values of TM and T , at different d must be obtained. The accuracy to which , I can be measured depends on the scale used and for the case of figure 2 the maximum accuracy is about +1 nm or about 0.1%. The maximum absolute accuracy of T M and T , is also about 0.001 or 0.1%. These two values set the limits for the accuracy of the calculated values of n and a. Table 1 shows the values at the extremes of the spectrum of i , Tu and T , obtained from figure 2. The transmission values should be read on the curves of Tu and T,,, at each wavelength and not on the actual spectrum. This procedure partly compensates for the approximations made in deriving equation (4) A relative error in s of 1% leads to a relative error of about 0.5% in n over the whole spectrum. An absolute error of 1% in Tx, leads to a relative of about 0.506 in 17 in the region of weak absorption but increases to about I90 in the region of medium absorption. An absolute error of 1% in T , yields a relative error of about 1.596 in n in the region of weak absorption and this increases to about 3% in the region of medium absorption.
Equation (1 1) is thus more sensitive to errors in T , than in TM.
T o obtain 1% accuracy in 17. T, and T, should be measured to about 0.290 absolute accuracy. The values of n , in table 1 are calculated at the extremes of the spectrum only for illustrative purposes. It can of course be calculated at any value of 2 using the smooth envelopes T, and T m .
Determination of the thickness d
If n , and n2 are the refractive indices at two adjacent maxima (or minima) at A I and A 2 . it follows from equation (3) or 1/2 = 2 din/;.) -m , (25) This is in the form of a straight line. If 1/2 is plotted versus n / I , a straight line will be obtained with slope 2d and cut-off on t h e j axis of -ml. Figure 4 shows a graph of equation (25) 
Corrections for slit width
In practice a spectrophotometer always has a finite spectral width or slit width S and a band in the range d f S/2 is incident on the film. The effect of this finite bandwidth on the transmission spectrum is to shrink the interference fringes: TM becomes smaller and T , larger. The effect can be minimised by experimentally reducing the slit S, but noise problems reduce the accuracy of T for small values of S. The effect of S becomes important when the width of the fringes is of the order of magnitude of S. as is the case for thicker samples, as is shown in figure 5 . Figure 5 shows a part of the spectrum on an expanded scale for a film with the same properties as that of figure 2, but with a thickness of 4,um. The full curve is the transmission simulated for a slit of S = 4 nm while the broken curve represents the spectrum that would have been obtained with essentially zero S.
For these narrow fringes the change in T M . ATM, can be as much as 6Y0, which leads to serious errors, as shown in table 2. Table 2 shows the values TMs and T,, for the extremes of the spectrum for S = 4 nm. The values of the refractive index n, as calculated by equation (1 1) from TMs and T , is about 10% lower than the true values n,, and n, even decreases for shorter wavelengths. If equation (23) is used to calculate d using a,. a 1 . 3 F , , , , , , , , , , , , " ' " " , " " " " " ' , " " " ' , " " " " ' , " " "
, ", h a v e l ? n g t b l n m i Figure 5 . Simulated transmission for a slit width of 4 nm (full curve) compared to that of zero slit width (broken curve) for a film of 4 pm thickness. value of d-6000 nm is obtained -an error of 50%. The errors due to the effect of the slit s are thus lery serious indeed, but can fortunately be corrected for.
The change in T, AT, is proportional to T and S and inversely proportional to the linewidth, w. Theoretical analyses show the proportionality dependence to be quadratic
The constant of proportionality depends on the way M: is defined.
If M, is simply taken to be the width between the two extremes immediately adjacent to the one under consideration, the constant of proportionality is very close to 1 for a wide range of conditions, for both TMS and Tms. The correct values T M and Tm can thus be calculated from the following equations
The way of calculating w is shown in figure 5 and the values are given in table 2. The corrected values T,, and T , using equation (26) are also shown as well as the refractive index n , calculated from equation (1 1 
Determination of CY
Since n(A) is known from equation (24), x(A) can be determined from any of the four curves TM. T,, T, or T , using figure 2 is independent of errors due to slit width. Equation (15) may be used to calculate a without performing the slit correction with equation (26).
The values of a as calculated by equation (A3), using the value of Tu from equation (1 8), are also shown in table 3 and there is an excellent agreement with the other four formulae, thus verifying the correctness of the theory presented here.
The values of a calculated from equation (21) are also shown in table 3 and it can be seen that these values are much too high. especially in the region of weak absorption where the error is more than a factor of 10. This could be expected by considering the spectra of figure 3. The approximation assuming an infinite substrate thus leads to serious errors in determining a and k and the author maintains that the formula for a of Manifacier et al (l976) is wrong. Table 5 shows the values for x in the region of strong absorption calculated from T , extrapolated to To in figure 2 and using equation (24) A relative error of 190 in s leads to an absolute error of Determination of thickness arid optical constants of x-Si:H Table 4 . Change in values of x (cm-') due to changes in the parameters of the formulae. about 20 cm-l in a and a relative error of 1% in n leads to an absolute error of about 100 cm-' in a over the whole region of strong absorption. From equation (22) it follows that an absolute error of A T in To leads to an absolute error of (l/d) In( 1 + A T T i ' ) in a. The accuracy of a thus decreases for T<O.Ol, In conclusion the author recommends that TM with equation (12) be used to calculate a over the whole range of the spectrum.
TM is also the easiest curve to construct experimentally. In cases where TM cannot be constructed accurately, e.g. for very thick samples where slit errors may be present or very thin samples with a few fringes, T, can be constructed and a be calculated from equation (15). x can be calculated with about 1% accuracy in the range of about 100 cm-' to 5 x lo4 cm-l but the accuracy decreases outside this region.
Once x@) is known. k(A) can be calculated from the
which completes the calculation of the optical constants.
Conclusion
Formulae and procedures have been presented to calculate n(L), a(;.) and d for a-Si:H films to an accuracy of the order of 1YO using data from the transmission spectrum alone. All formulae are in closed form and can easily be used on a programmable pocket calculator. The procedure has been used on a large number of a-Si:H films using a Varian DMS-90 spectrophotometer and the results showed that the accuracy claims are justified.
Appendix
The rigorous expression for the transmission T for a system as The absorbance x for a system as shown in figure 1 is given in terms of the interference-free transmission T, by 
